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Abstract 

We show the equivalence between the supertube solutions with an arbitrary 
cross section in two different actions, the DBI action for the D2-brane and the 
matrix model action for the DO-branes. More precisely, the equivalence between 
the supertubes in the D2-brane picture and the DO-brane picture is shown in the 
boundary state formalism which is valid for all order in a'. This is an application of 
the method using the infinitely many DO-branes and anti-DO-branes which has been 
used to show other equivalence relations between two seemingly different D-brane 
systems, including the D-brane realization of the ADHM construction of instanton. 
We also apply this method to the superfunnel type solutions successfully. 
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1 Introduction and Summary 

There are (marginal) bound states of the D-branes with different dimensions in string 
theory which have been very important for studying string theory. Furthermore, it have 
been known that such bound states have two (or several) different, but equivalent de- 
scriptions. The typical example is the bound state of the D4-branes and the DO-branes 
[1, 2]. For a bound state of Dp-branes and Dg-branes, we can think the Dp-branes as 
solitons in the Dg-branes. Instead, we can think the Dg-branes as solitons in Dp-branes. 
This equivalence or duality between different D-brane systems is one of the characteristic 
properties of the D-branes and will be important to investigate further. However, it is 
in general very difficult to prove the duality although the evidences for the duality have 
been given for many bound states of D-branes by using the low energy effective actions 
and supersymmetry. The two dual D-brane systems are very different in their low energy 
effective actions, for example, the DBI action and the matrix model action. Therefore, it 
will be impossible to show the duality by using the low energy effective actions. Moreover, 
these two actions are only valid for different regions in the parameter space except in some 
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large N limit where iV is the number of D-branes. Then we should heavily rely on the 
BPS protected properties to connect two different regions of the parameter space. Using 
the boundary state formalism the duality can be shown, however, only for some special 
cases [3, 4]. 

Recently, a unified picture of such dualities was given by the tachyon condensation of 
the unstable D-branes in the boundary state formalism [5] 2 and successfully applied to the 
bound state of the D4-brane and the DO-branes, i.e. ADHM(N) construction of instantons 
and monopoles [6, 7]. In this paper, we will consider this duality for the supertubes by 
the method using the tachyon condensation [5]. 

The supertubes are the 1/4 supersymmetric bound states of the DO-branes with funda- 
mental strings which are expanded to the tubular D2-branes [8] . Therefore the supertubes 
have two different pictures: the DO-branes and the D2-brane. In the DO-brane picture the 
supertube solutions was found in the matrix model by [9] and the supertubes have been 
investigated extensively in both pictures [10]- [17]. 

In this paper we construct the supertube solution of the D2-brane from the infinitely 
many DO-branes and anti-DO-branes. Then by using the different basis of the Chan-Paton 
factor of the DO— DO-branes, we find the supertubes in the DO-brane picture. This implies 
that these two supertubes solutions in the D2-brane picture and the DO-brane picture are 
indeed equivalent in the boundary state formalism which is valid for all order in a'. 3 

Some remarks are as follows. In this paper, we will consider the flat spacetime and the 
classical limit g s — > only, thus we will drop the g s dependence for notational simplicity. 
We will show the equivalence between the boundary states which can be off-shell. The 
on-shell conditions can be derived in some approximations, including the DBI actions and 
the matrix model actions. 

Organisation of this paper is as follows. In section 2 we review how to obtain the 
duality or equivalence relations between two different D-brane system from the D-brane- 
anti-D-brane system. Section 3 is for the brief review of the supersymmetric solitons with 
electric field. Then the method explained in section 2 is applied to the supertubes with 
compact cross section in section 4 and with non-compact cross section in section 5. The 
superfunnel type solutions are also discussed in section 5. In the appendix we show the 
duality for the non compact supertube from the D2-brane-anti-D2-brane system. 

2 This can be regarded as a generalization of [3]. 

3 The boundary state of the supertube in the T-dual of DO-brane picture was found in [18] although 
we will not use it. 
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2 Duality between DO-branes and Dp-brane via Tachyon 



In this section we will review how to obtain the duality between Dq-branes and Dp-brane 
using the Dp-branes and the anti Dp-branes [5], in particular, the duality between DO- 
branes and Dp-brane in type IIA string theory using the DO— DO-brane pairs, which will 
be applied to the supertubes. 

2.1 Diagonalization of the tachyon and the duality 

Consider N Dp-branes and N' anti-Dp-branes. They have the tachyon T' which is a 
complex N x N' matrix. Note that the Chan-Paton bundle of the N Dp-branes is an N 
dimensional vector space on which T' acts. For the N' anti-Dp-branes, there is an N' di- 
mensional vector space on which T"' acts. Any orthonormal basis of the two vector spaces 
can be used and the basis change is the U (N) x U (N') gauge symmetry on the D-branes 
and the anti-D-branes. Then, generally, by giving topologically nontrivial expectation 
value to the tachyon, we get the Dg-branes with q ^ p, i.e. the decent relation [19, 20] for 
q < p or the accent relations for q > p [5, 21]. Thus after the tachyon condensation we 
can identify the system of the Dp-branes and the anti-Dp-branes as the Dg-branes (with 
surviving Dp-branes or anti-Dp-branes after the tachyon condensation). 

Now let us choose another basis of the Chan-Paton bundle in which the tachyon 
T' is diagonal. In this gauge, we expect that the Dp-branes (and the anti-Dp-branes) 
corresponding to the nonzero eigen value of the T' (and T*) disappear, respectively. Then, 
only the Dp-branes (or the anti-Dp-branes) corresponding to the zero modes of V (or T"t) 
will remain after the tachyon condensation, respectively. Actually, in the boundary state 
formalism or the boundary string field theory, this is justified [22, 23, 24]. Therefore the 
system of the Dp-branes and the anti-Dp-branes with the nontrivial tachyon condensation 
is equivalent to Dp-branes or anti-Dp-branes corresponding to the zero modes of the 
tachyon. Note that we had the two different results of the same tachyon condensation 
with the different gauge choices. 

Thus, combining these two equivalences, we have an equivalence or a duality between 
the the Dg-branes and Dp-branes (or anti-Dp-branes corresponding to the zero modes) 
[5]. This was explicitly performed for the flat noncommutative D-brane [25, 5], fuzzy 
sphere [5] and ADHM(N) construction of the instantons and monopoles [6, 7]. In the 
next subsection we will explain this duality for p = case in detail. 

2.2 Duality between infinitely many DO-branes and Dp-brane 

Consider N DO— DO-brane pairs and let a DO-brane and an anti-DO-brane of each pair are 
at a same position. Then, the fields on the pairs are N x N matrix coordinates and 
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the complex tachyon T', other than massive fields which are not relevant in this paper. 

/ V \ 

Instead of T', we will use 2N x 2N Hermitian matrix T = I ^ I for convenience. 

Now, let us consider a large N limit, then the matrices X^ and T become operators 
acting on a Hilbert space. The important configuration of the N DO— DO-brane pairs is 

T = uT i (d l + iA l (x)) } X l = x\ (i = l,..-,p) (2.1) 

where the Hilbert space is spanned by the (normalizable) spinors on R p , T l is the gamma 
matrix on W, A i {x) is a arbitrary function of x J and u is just a constant which is sent 
to infinity. In the u — > oo limit, the configuration (2.1) represents a flat Dp-brane with 
the background gauge field Ai(x l ) and it becomes the exact solution of the equations of 
motion of the boundary string field theory for the constant field strength [26, 21, 27]. 
(If u is finite, (2.1) does not corresponds to the solution of the equations of motion and 
is expected to represent the Dp-brane with some off-shell excitations.) This is "T-dual" 
to the well known decent relation [20], which state that we can have a Dg-brane by the 
nontrivial tachyon condensation on Dp — Dp-brane pairs where q < p. 4 Moreover, we 
can give the expectation value to the remaining transverse scalars, X a , on the DO— D0- 
branes which should be considered as an operator acting on the spinors: X a = (j) a (x l ) 
(a — p + 1, • • • , 9) where <p a (x % ) is an arbitrary function of x l . Then the Dp-brane has the 
transverse scalars X a = <fi a (x l ). 

Here it is important to note that the tachyon is proportional to the Dirac operator on 
the world volume of the Dp-brane, 

T = up, (2.2) 

and the DO-branes and anti-DO-branes correspond to the spinors with positive and nega- 
tive chirality respectively. 

Now assuming the "Hamiltonian" H = p 2 has a gap above the ground states or zero 
modes 

H\a) = 0, (a = l,---,n) (2.3) 

where we define the number of the zero modes as n. Then we can follow the argument 
in the previous subsection: Because T 2 = u 2 p 2 — > oo for nonzero modes, the tachyon 
condensation forces DO— DO-brane pairs corresponding to the nonzero modes disappear 
and only the DO-branes and the anti-DO-branes corresponding to the zero modes survive. 
Then the n x n matrix coordinates for the zero modes, Xq, will become 

(x(;) ab = (a\X»\b), (/i = l,---,9) (2.4) 

4 Both the decent relation and the accent relation (2.1) are obtained from [2?,, T] — uT l and T>j] = 
by some truncation. However, this is not the T-dual each other, of course. The accent relation is also 
regarded as a generalization of the matrix model construction of a D(2p)-brane using the noncommutative 
coordinates. 
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which is in general non-commutative although the infinite dimensional matrix X l (= x l ) 
and X a are commutative each other. Note that we have only DO-branes or only anti- 
DO-branes depending on the sign of the background field strength on the Dp-brane, for 
a generic T, i.e. all the zero modes are either positive chirality or negative chirality. We 
will consider these cases only below. Thus we have the equivalence or duality between the 
Dp-brane with the back ground gauge field Ai and the n DO-branes (or anti-DO-branes) 
with the coordinates Xq . 

It is easy to consider the Dp-brane with a curved world volume which is specified by 
the embedding X^ = X^{x % ). Taking the tachyon as a Dirac operator with the vielbein 
consistent with the induced metric, we have the Dp-brane after the tachyon condensation 
[21, 5]. Then, repeating the procedures for the flat Dp-brane, i.e. computing the matrix 
elements of the X^ between the zero-modes of the Dirac operator, we have the DO-brane 
picture which should be equivalent to the Dj9-brane picture. 

It is important to note that all the results in this paper can be given and justified in 
the boundary state formalism [28, 5] where the fields, like the tachyon, are represented in 
the world sheet boundary action, although we will not explicitly write the corresponding 
boundary states. 5 Thus, the equivalences given in this paper are exact in all order in a'. 6 
We also note that the boundary state includes any information about the D-brane, thus 
the equivalences in this paper imply the equivalences between the tensions, the couplings 
to the closed strings and the D-brane charges, of the Dp-brane and the DO-branes. 7 



3 Supersymmetric Solitons with electric field 

Let us consider the BFSS matrix model [29] which is same as the "low energy" effective 
action of the iV DO-branes in type IIA theory. The equation of motion 

-V 2 t X» + [X v ,[X»,X»}}=0 (/i = l,...,9) (3.6) 

and Gauss low constraint 

[X li ,V t X»] = (3.7) 

5 We will use the naive off-shell extension of the boundary state, i.e. just inserting the possibly non- 
conformal world sheet boundary action to the (on-shell) boundary state. In this paper, the boundary 
state means such a naively extended boundary state. 

6 In this paper we take a' = 2. 

7 In particular, the equivalence between the DO-brane charges are reduced to the index theorem [28]. 
Actually, the three representations of the index 

J d Tre F A, Tr zoromodosofp (r), It (re""'* 2 ) , (2.5) 
correspond to the D2-brane, the DO-branes and the DO— DO-brane pictures, respectively. 



5 



are simplified for time independent configurations with 

A t = ±Z, (Z = X 9 ) (3.8) 

to 

[X i ,[X i ,X»]] = (i = l,...,8). (3.9) 

From this form, we can easily find two types of solitons: the supertube type and the 
superfunnel type. 

Introducing the operators a and N acting on the space spanned by the ket | m ) such 
that 

a\m) = \m — 1) , N\m)—m\m), (3.10) 
where m G Z, the supertube solution [16] is given by 

Z = N-ip, X^X'fatf), (3.11) 

where X l (a, at) is an arbitrary functions of a, and < ip < 1. We can check this is the 
solution of (3.9) by using the following relations derived from the definition (3.10): 

[N,a] = -a, a) = a~\ [tf,a] = 0, [N,f(a)] = -^, (3.12) 

where f(a) is an arbitrary function of a. Note that a) = a -1 implies a)a = 1. For the 
circular case, i.e. X 1 + iX 2 = R a and others= 0, this is the solitons obtained in [9]. 
For a general profile, we will show later that this indeed represents the supertube with a 
general cross section. 8 

The other type of solution is given by 

Z = Z(X b ), [X b ,X c }=t(l/B) bc , (&,c=l,...,2p) (3.13) 

with 

[X b , [X b , Z(X C )}} = 0. (3.14) 

If we take -E>2i-i,2i = —-621,21-1 = h (i — 1, . . . ,p) and others= 0, the eq. (3.14) becomes 

^& s £Ml£x + <£i) m = ' (3 ' 15) 

where Z{X) is Weyl ordered. Here we have used the fact that the derivative of the Weyl 
ordered product is again Weyl ordered. Using the AG(X l ) = 5(X l ), we can write the 
solution as 

Z{X l ) = Z + J2 QaG(X* - <), (3.16) 



8 For a non-compact world volume, the supertube is given by Z — z and X 1 = X l (x) where [x, z] = i/B 
and B is a constant. 
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where Q a will be quantized by the flux quantization condition. For p — 1, this solution 
corresponds to the superfunnel of [17]. In particular for Z(X l ,X 2 ) = Q/2 log((Xi) 2 + 
(X 2 ) 2 ), this solution have been obtained in [16, 30] explicitly. For a general p, this 
corresponds to the Blon [31, 32] with magnetic field. Actually, it is well-known that by 
expanding around Z = and [X^X- 7 ] = iQij, the action of the DO-branes becomes the 
noncommutative D(2p)-brane action with magnetic fields [33]. Thus the solution (3.16) 
corresponds to the noncommutative Blon. 

Note that we could consider a combination of the supertube type and the superfunnel 
type of the solutions. 

We note that for the Dp-branes instead of DO-branes the equations of motion (3.9) is 
valid if we think X k as V k = d k + A k for k — 1, . . . ,p. and take d t + iA = iZ. 

Now, following [16], we will discuss the BPS equations of the matrix model. The 
supersymmetric variation of the fermions in the matrix model is 

6ij = (P t l% + \[X», X^e + e') . (3.17) 

For the time independent configurations with A t = Z, we have the BPS equations 

5^={i\X\X 1 ] li] P-t + e') J (3.18) 

where we have defined the real projection operator P± — (1 ± r y z )/2 and set P+e = 0. 
For [X\X j ] = where <d lj is a constant, we can solve it by e' = — i[X\ X^^P^e. 
Therefore, the time-independent solution of the Gauss law constraint (3.14) with A t = Z 
and [X\ Xi] = i0 tJ is indeed the 1/4 BPS solution of the matrix model. 

4 Supertube and the Duality 

4.1 Circular supertube 

In this subsection we consider a supertube of a circular cross section which is a simplest 
supertube of a compact cross section in the flat spacetime. In particular, we consider a 
D2-brane in type IIA superstring theory whose world volume coordinates are labelled by 
(t, z, 9) with a constant field strength F = Edt A dz + Bdz A d6. We will take a gauge, 

A z = 0, A t = -Ez, A e = Bz + V , (4.19) 

where (p is a Wilson line which can be taken as < cp < l. 9 Although we have taken a 
particular gauge, the Wilson line has a gauge invariant and physical meaning. The config- 
uration of the D2-brane in the flat spacetime is X° = t, X 1 = R cos 9,X 2 = R sin 9, X 3 = z 

9 Note that the space-time is R 1 ' 9 and the embedding of the S 1 associated to the Wilson line into the 
space-time is contractable. Thus, even if we compactify the space-time to a tori in X 1 directions, this 
Wilson line does not corresponds to the position in the T-dual picture. 
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and X % = for % = A, ... ,9 and the induced metric on the D2-brane is given by 
ds 2 = —dt 2 + dz 2 + R 2 d6 2 . If we take E — ±1, this configuration becomes BPS and 
satisfies the classical equations of motion of the DBI action [8] . 

Now we will represent this D2-brane configuration as a soliton of infinitely many 
DO— DO-brane pairs as explained in the subsection 2.2. The tachyon of the DO— DO-brane 
pairs is 

T = up, (4.20) 

where Jf) is the Dirac operator on a time slice of the world volume of corresponding 
D2-brane (i.e. on the R x S* 1 ), 

The transverse scalars of the DO-anti DO-brane pairs are given by 

X 1 = Rcos9, X 2 = Rsm6, X 3 = z, X 1 = (i = 4,...,9), (4.22) 

and 

A t = -Ez, (4.23) 

where the tachyon, the scalars and the gauge potential, which are N x N matrices for 
the N pairs, become operators acting on the Hilbert space spanned by the normalizable 
spinor valued functions on the RxS 1 parametrised by {z, 9} by taking a particular large 
N limit. Note that the information of the gauge potential of the D2-brane except A t are 
encoded in the tachyon of the DO-anti DO-brane pairs. Then, these DO— DO-brane pairs 
are equivalent to the supertube of the D2-brane (in the u — > oo limit) [26, 21]. 

In order to obtain the matrix model picture (or more precisely the DO-brane picture), 
we need to find the zero modes of the Dirac operator in the DO— DO-brane picture, which 
corresponds to the DO-branes remain after the tachyon condensation. Thus what we 
should solve is 

pV(9,z)=0. (4.24) 
Because 9 is periodic, we expand ^ as ^{9, z) = J2m=-oo e%me ^m(z). Then we have 

(l 2 x2-^(m -Bz-<p) + <7 3 * m (z) = 0, (4.25) 

where we multiplied —ia 1 to the zero-mode equation (4.24). Then for B > we find the 
zero-modes ^ m (9, z) parametrised by an integer m, 
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and for B < 0, 



where \I/ m is normalized such that, 

J d9dz*l* n = 5 mn . (4.28) 

Note that the chirality operator io\Oi = —03 distinguish the DO-brane and the anti-DO- 
brane. We will consider B > case below without loss of generality. Then the matrix 
elements of X ± = X 1 ± iX 2 = Re ±ld , X 3 = z and A t = —Ez between the zero-modes are 
computed as 

(X+) rnn = J d6dz¥ m (0,z)Re ie ^ n (6,z) = Re'^5 n , rn+1 , (X ) mn = Re-^R5 n+1>m , 

A f Tt — CD 

{Xl) mn = J d0dzW m (e, z)z^ n (9, z) = — r^-S min , 

(A,o)mn = -E{Xl) mn . (4.29) 

Therefore, in the u — > oo limit, we have the DO-branes parametrised by an integer 
m with the matrix coordinates {Xfy mn and a gauge field (A tj0 ) mn . As explained in the 
previous section, this system of the infinitely many DO-branes should be equivalent to 
the D2-brane. Note that from (4.29) we can see that the n-th DO-brane is at z = ^j^, 
however, it does not have a definite position for the x and y directions because of the 
noncommutativity except in the B — > oo limit. The nonzero Wilson line in the D2-brane 
picture corresponds to the shift of the DO-branes along the z axis in the DO-brane picture. 
We also see that the density of DO-branes along z is B as expected. Note that E has mass 
dimension 2, but B has mass dimension 1 from the definition F = Edt A dz + Bdz A dd. 

Introducing the operators a and N acting on the space spanned by the ket | m ) such 
that 

d\m) — \m — l), N\m)—m\m), (4.30) 

where | m ) corresponds to the remaining m-th DO-brane, we can view the matrices as the 
operators acting on this space: 



which satisfy 



X+ = Re~^ d\ Xq = Re'^ZR a, X 3 = ^r^, (4.31) 

B 



[X 3 , X±] = ±1^, [X + , X -] = 0. (4.32) 
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From the relation following from (3.12), a) a = 1, we find 

X+X = (Xq 1 ) 2 + (X 2 ) 2 = R 2 e~^n : (4.33) 

is the Casimir. 

We note that although the zero-mode ty m (6,z) was identified as \m), in the reduced 
Hilbert space we can also represent | m) as e l6m and {a, N} as {e~ %e ', — </?}. 

It is very interesting to note that (4.32) solves the equations of motion of the matrix 
model for the BPS DO-branes. Actually, this is same as the solution of the matrix model 
equations of motion given in [9] although the parametrisation of R is different. Therefore 
we have shown the equivalence between the supertube of the D2-brane picture and the 
supertube of the DO-brane picture. 

In the D2-brane picture we took the solution of the BPS equations of the DBI action. 
Because the DBI action neglects the higher derivative terms and the matrix model action 
neglects the higher order terms, the BPS equations of the DBI action should be different 
from the BPS equations of the matrix model. Thus we expect the supertube solution of 
the DBI action is BPS even if we include a' corrections since the both BPS equations are 
satisfied at the same time. 

We have seen that the DO-branes with (4.29) is essentially same as the solution of 
the matrix model of [9] which was supposed to be the same as the D2-brane. Here we 
stress that the correspondence between the D2-brane and the DO-branes are exact in our 
approach. One of the important points of the correspondence is that the naively defined 
radius of the supertube are not same for the two equivalent systems. Actually, the square 
root of (4.33) could be considered as the radius of the supertube, but it is smaller than R 
by a factor of exp(— j^)- We will discuss the meanings of this difference in the subsection 
4.3. 

4.2 General cross section 

Let us consider general embedding of the circular supertube to the target space: 

oo 

X*= £ «e-^ + <e ime ), X° = t, Z = X 9 = z, (4.34) 

m=— oo 

where j — 1, 2, • • • , 8. Let 27rR as the circumference of the embedding circle in space-time. 
Note that a J m = O(R) and for the circular supertube, a\ = a\ = R/2, others= 0. Though 
the vielbeins (and the induced metric) will generically depends on 9, we can redefine the 
coordinate 9 (0 < 9 < 2n) such that 

ip =r i (|- a ») +<7 4- (435) 
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i.e. (dX j ) 2 = R 2 d6 2 . Now we consider the D2-brane with (4.35) and (4.34). We take 

A e = Bz + <p, A t = -Ez, A z = 0, (4.36) 

where B and ip is constant in order to obtain the zero-modes easily although B can depend 
on 9 for assuring the supertube is a BPS state (at least in the DBI approximation) [12]. 

Then the configuration of the DO— DO-brane pairs for this D2-brane is given by T = up 
, X j and Z corresponding to (4.34) and A t = —EZ. Because the Dirac operator has same 
form as (4.21), we already know the zero-modes of the Dirac operator. Thus we find 

{Zo)mn = J d9dz^l n (9,z)z^ n (9,z) = ^-^<5 m ,„, 

(A t fi)mn = —E (Z ) mn , (4.37) 

and what we should do is to compute the matrix elements of X 7 between the zero-modes. 
We can easily compute it: 

(M)mn = J d9dz*l(9,z) ( f; (oie- ikd + 4e ike )) * n (9,z) 

00 / k 2 \ 

= ex P ~T^5 ( a l 6 n,m-k + a{S n:Tn+k ). (4.38) 



fc=— oo 



ABRJ 



Thus, on the Hilbert space {| m)} we represent those as 

Xi = X(at) 

N-ip 



Z 



B 



A,o = (4 ' 39) 

where 

OO 2 

X^e ie )= e-*m (a{e- ike + a{e lke ). (4.40) 

k=— oo 

Note that if we take the base of the Hilbert space as e imd = \m), we have 

*3 = *V), ^ = -41-1 = -!^' < 4 - 41 > 

Here we introduce the coordinate eigen state 

\9) = J2 e me \m), (4.42) 



m 
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which satisfies a \ 9 ) = e' ld \ 9 ) and a) \ 9 ) = e %e \ 9 ). Then, we have the following relations 

( 9 | A(a r ) \9') = 2n5(9 - 9')A{e ie ) (4.43) 

and 

Tr A(a)) =J2(m\A(a!)\m) = — / d9 ( 9 | A(a t ) | 9 ) = 5(0) / dO A{e id ). (4.44) 

^ Z7T JO JO 

This implies that Trl = 2tt5(0). Because the density in the z direction of the DO-branes 
is B, we have Tr 1 = J2 m 1 = BL. where L is the IR cut off corresponds to the length of 
the z direction. Then we find 

R T, /-27T 

TrA(at) = — / d9 A(e w ). (4.45) 



(4.46) 



2tt Jo 

The momentum given in the matrix model is given by 

1 dXHtf) 1 dXHe ie 



P j = i[Z ,X 3 ] = - 



i- 



B d\na B 09 



Thus the total momentum density -^TrP- 7 = J 2w d9^ 9x ^ ^ vanishes. The Hamiltonian 
of the matrix model for the supertube is [9] 

where we dropped the constant term which is proportional to B. The fundamental string 
charge for the supertube in the matrix model is given by H./L. 

From the expression of the angular momentum in the matrix model, 

Uj = X^Pj - XiP u (4.48) 

we find the total angular momentum density in the matrix model as 

= -- f dX l A dX j . (4.50) 

7T J A 

In the section 4.3, we will compare these quantities with the corresponding ones for the 
supertube solutions in the D2-brane picture. 

We have assumed B is a constant, however, it has been known that even if B depends 
on 9 the supertube is a BPS state in the DBI action. In principle we can solve the zero- 
modes of the Dirac operator for this case and obtain the DO-brane picture. In this paper, 
however, we do not try to do it because of a technical difficulty Instead, we will consider 
the supertube with the general cross section and a non-constant B for the non-compact 
cross section in the section 5.1. 
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4.3 Comparison between the DBI and the matrix model de- 
scriptions 

In this subsection, we will compare the various quantities of the supertube solution in the 
DBI description and the matrix model description. Here the DBI and the matrix model 
descriptions mean the D2-brane picture using the DBI action which ignore the derivative 
corrections and the DO-brane picture using the matrix model action which ignore the 
higher order terms, respectively. It it noted that the equivalence discussed in this paper 
use the boundary state or boundary string field theory, thus the configuration in the 
DO-branes is exactly same as the configuration in the D2-brane. However, there will be 
differences in the two descriptions if we approximate it in the different ways. 

First, we consider the DO-brane charge. We have seen that the DO-brane charge density 
along z axis in the matrix model is B, which is not corrected by the higher order terms in 
the matrix model because it is essentially the size of the matrices. In the DBI picture, we 
can commutate the DO-brane charge from the Chern-Simons term as J d9 J dzB = B. 
Actually, these two computations should give same values since the Chern-Simons term 
may not be corrected by the derivative corrections. 

However, the fundamental string charges will be different in two pictures. In the DBI 
description it is computed as [12] 

^ = mJ d0 J ^bJX-w? = ^BJ d %^ ) = t ■ (451) 

for a constant B. On the other hand, the one computed in the matrix model is same form 
as (4.51), however, X- 7 should be replaced by which was defined by (4.40). Thus, for 
example, the fundamental string charge in the matrix model for the circular supertube is 
qpi = e~2mR 2 1 B. For the angular momentum, there is a similar difference between the 
two descriptions. These differences will be originated from the different approximations 
and will be absent if we includes all higher order and higher derivative corrections. We 
note that if the dimensionless parameter BR is very large BR 3> 1, the differences become 
very small because X j ~ X j for BR 3> l. 10 

The higher order corrections for the matrix model action are expected to contain the 
commutators. If we assume the DO-brane action is given by the T-dual of the usual 
Dp-brane actions, the corrections to the matrix model actions includes the terms corre- 
sponding to the DBI action, i,e, [X, X] n ~ O(^), and terms corresponding to the higher 
derivative terms, i.e. [X, [X, • • • , [X, X], ], • • •] ~ O(-j^). Thus the matrix model action 
may be reliable for \B/R\ 1 and \B\ ^> 1. On the other hand, the DBI action may be 

10 For BR » 1, exp(— jsr) ~ ^ — IWr, + ®( ww ) w ^ ^ c correc ti° ns to the DBI actions or the matrix 
model, but it is not a' correction, but like 1/N corrections. 
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reliable for R 3> 1. Thus \BR\ 3> 1 is necessary for reliability of the both descriptions. 
We will discuss the ambiguity of the matrix model in subsection 5.3 again. 



5 Some Generalizations 

5.1 Supertubes with non-compact cross section 

Here we consider the flat super" tube" . First, we consider the flat D2-brane with (2ira')F = 
Edt A dy + Bdy A dx in the flat spacetime. (Here x and y corresponds to the 9 and z, 
respectively, in the previous section.) It is clear that this is a solution of the equations of 
motion for any constant B, E. Especially, For E = this is the usual noncommutative 
D2-brane [34, 35, 36]. Below we will assume B > 0. The Dirac operator in a particular 
gauge is 

iP =o*(^- WyJ + (5-52) 

In this case the zero-modes of the Dirac operator was already given in [5, 25] and the 
equivalent DO-brane picture was obtained. However, here we will use different basis of 
the zero-modes parametrised by a real number (: 

*c(*. V) = {jPj 4 exp [iBy{x - Q - ^ {x - C) 2 ) ( J ) . (5.53) 
where ^ is normalized such that, 

dxdy^ ( , = 5((-C)- (5.54) 



Then the matrix elements of X = x, Y = y and A t = —Ey between the zero-modes are 
computed as 

(X ) a , = Jdxdy^lx^ cl =C5(C-C), 

(^o)cc = J dxd y^c = ^^(C-C), 

(i ti0 ) cc = -E(Y ) CC , (5.55) 

which can be represented in the Hilbert space spanned by \x), as X — x and Y = y 
where x\x) — x \ x ) and [x, y] = i/B. This means that the D2-brane is equivalent to the 
infinitely many DO-branes with (5.55) as expected. We can also compute 

J dxdy ¥ ( e iax+i(3y tt c , = e -^ 2 +P 2 +^) e i<'a 5 ^ _ g + £y (5>56) 
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This can be represented on | x ) as 

e -^(°' 2 +l3 2 +2ial3) e il3y e iax _ e -±(a 2 +/3 2 ) £ iax+if3y _ g^g*^ (5.57) 

where we have defined 



7) = vf (£ + ^ ) ' e = V^^"^- (5 - 58) 

Note that fj is a lowering operator 

M f ] = l, (5-59) 

and (5.57) is anti-normal ordered. This result means that if the D2-brane has the non- 
trivial transverse coordinates X 1 = X l (x ) y) (i = 2,3,---,8), the DO-branes have the 
transverse coordinates Xq = [X l (x,y)] A where [. . ]a means the anti-normal ordering. 

Now let us consider the non-compact supertube with an arbitrary magnetic field. It 
is the D2-brane with F = Edt A dy + B(x)dy A dx and X i = X%x) (i = 2, 3, • • • , 8) in 
the flat spacetime. Interestingly, for E = ±1 it was shown in [14] that this is indeed a 
BPS state for all orders in the a' expansion. The coordinate x can be chosen such that 
the Dirac operator becomes 

ip = a x (^-- iBy^j +°y(j^- *A/(^)) ■ (5-60) 

where we took a particular gauge for the magnetic field B(x) such that B(x) = B—d x A y (x) 
where B is the constant part of B(x) and, A = —Ey, X 1 = X l (x) (i — 3, 4, • • • , 9). Then 
the zero-modes are 

* f (x, y) = C c exp (iBy(x - Q ~ ^ (x - (f + F(x)^j ( ° ) . (5.61) 

where 

F(x) = [ X dx'A y (x'), (5.62) 

J 

and is the normalization constant to be determined by / dxdy^^c,' — <HC — CO- The 
matrix elements are given by 

(Xo)cc = Jdxdy^lx^ c = h(()5(C-C), 

(%)«' = Jdxdy*ly* c = -^-^5((-C), (A tfi ) cc = -E(Y ) CC , 
(X*) cc , = fdxdy*lx i (x)* c , = h i (Q5(C-0 (5.63) 
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where 



MC) = C + 



/ dxxe~\ B \ x2+2F ^ 



J dxX\x)e-\ B \^ 2+2F ^ 
f dxe-\ B \( x -0 2 +2n*) 



(5.64) 



J dxe~\ B \ x2 + 2F ( x +0 



These can be represented as X = h(x), Y = y and X % = h l (x) and indeed satisfy the 
BPS equations of the matrix model. 11 

In the Appendix, we will consider the inverse of the transformation, i.e. the D2-brane 
supertube from the supertube in the matrix model using infinitely many D2-brane-anti- 
D2-brane pairs. 

5.2 Superfunnel type solutions 

In this subsection, instead of A t = —Ey, we take A t = —EZ where E — ±1. Then for 
Az(x, y) = and x l = (i — 3, • • • , 8), the D2-brane is the noncommutative Blon, or the 
superfunnel. The zero-modes of the tachyon are same as in the previous subsection. Thus 
using (5.56) and (5.57), the DO-branes have the transverse coordinates Zq = [z(x,y)] A , 
where [■ ■ ]a means the anti-normal ordering. This satisfies the equations of motion and 
the Gauss law of the matrix model (3.14) because the derivation keeps the anti-normal 
ordering. 

The D2p-brane with F = Edt A dz + b a dy a A dx a (a = 1, • • • ,p) where E = ±1, 
A z(x a , y a ) = and x % = (i — 2p + 1, • • • , 8), is the noncommutative Blon, which is 
the solution of the equation of motion of the N = 4 supersymmetric Yang-Mills actions. 
The equivalent DO-branes are easily obtained as before, and we have Z = [z(x a , y a )] A 
although the solution of the equations of motion of the matrix model 



is different from Az(x a ,y a ) = except when all b a s are same. However, in this case, 
we do not know if the equations of motion should be corrected beyond the Yang-Mills 
or the matrix model approximation. Note that the former is valid for \b a \ <ti 1 and 



r = \J(x a ) 2 + (y a ) 2 3> 1 and the latter is valid for \b a \ 3> 1 and r»l. Moreover, it is 
possible that two configurations can be matched by some field redefinition. Indeed, by 
the field redefinition of the theory on the D(2p)-brane, we can use the noncommutative 
Yang-Mills actions with 6 = 1/B, $ = -B and G = —B-B, i.e. S ~ \fGG~ 1 {{F^ - B)f 




(5.65) 




u For the pure gauge F{x) = ax + c, we have X = x — a/B. We can redefine x' = x — a/B which does 
not change the commutation relation. For F{x) = —bx 2 /2, we have Xq = -g^ji, which means the shift 
of B to B + b because [X , Y ] = i/(B + b). This is consistent with the fact that F(x) = —bx 2 /2 is the 
shift of B. 
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which was shown to be equivalent to the matrix model action [33]. Then, the equations 
of motion of the noncommutative Yang-Mills action is same as (5.65) because of the 
G^ 1 ~ l/\b a \ factor. This is natural since the string world renormalization conditions for 
the D2-brane and the DO-branes will be same for this choice of the fields as seen from 
[33]. 12 

5.3 Comments on the ambiguity of the effective action of the 
DO-branes 

In the previous sections, we take the effective action of the DO-branes as the matrix 
models with the higher order corrections derived from the T-dual, i.e. the dimensional 
reduction of the DBI actions. 13 However, the effective actions of the D-branes have the 
field redefinition ambiguity, which is interpreted as the regularization (or, more precisely, 
the finite renormalization) of the string world sheet action, in general. Therefore, in order 
to compare the physical quantities in the DO-brane and D(2p)-brane pictures, we should 
use the effective actions obtained from the string world sheet computations with the same 
regularization, or more precisely the same renormalization condition, even though the 
two boundary states in the DO-brane and D(2p)-brane pictures are equivalent and every 
quantities should be same in principle. 14 

The effective action of the DO-branes given by the T-dual are based on the very special 
choice of the regularization of the world sheet although it is a natural choice. For the flat 
noncommutative D(2p)-brane solution in the DO-branes, this choice corresponds to the 
the noncommutative parameter 9 = 1/B and $ = —B as seen from the results of [33]. 
However, if we make the following field redefinition, X % — > X % + /3 kl [X k , X l ]X l , we have a 
different noncommutative parameter 9 = [X*,X J ] = (l/B)^ — > ((1 + j3/B) 2 / B)^. Note 
that the U(N) symmetry of the matrix model should contain the noncommutative U(l) 
gauge symmetry of the D(2p)-brane with any noncommutative parameter 9, including 
usual commutative gauge symmetry since there are the Seiberg-Witten maps in the D(2p)- 

12 In [33] the Weyl ordered product and the Moyal star product are used. However, any ordering 
can be used in the matrix model description of the noncommutative gauge theory, especially the anti- 
normal ordered product. Actually, it can be shown as in [33] that the equivalence between the matrix 
model with the anti-normal ordering and the noncommutative gauge theory of $ = — B with the star 
product of the anti-normal ordering. Note that the choice of the ordering in the matrix model does not 
change the operator, for example Ai(x), though we should redefine the noncommutative gauge field in 
the noncommutative gauge theory side. 

13 For the non-Abelian case, there are ordering ambiguities, which is, however, can be fixed by the 
string world sheet computation in principle. 

14 We would have to choose some regularization such that the reduction to the zero-modes of the Dirac 
operator are valid after the regularization and the equivalence between the path-integral and the operator 
formalism used in [28] to show the equivalence between D-brane systems is still valid. 
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brane effective actions. 

From this observation of the noncommutative D(2p)-brane, we conclude that we have 
to refine the fields, say X\ to compare the physical quantities computed using the usual 
commutative DBI action of the D2j9-brane and the matrix model of the DO-branes derived 
from the the dimensional reduction of the DBI action. 

We also note that there should be some differences in the renormalization conditions 
between the computations directly using the result of [3] and ours using the DO— DO-brane 
pairs. 

5.4 Comments for the Fuzzy S 2 case 

Finally, we will briefly comment on the fuzzy S 2 case comparing to the supertube case. 
In [5], the D2-brane on the fuzzy S 2 was considered using the tachyon condensation in 
the same way in this paper. In the fuzzy S 2 case, the DBI action would be reliable 
for R ^> 1 (or R ^> l s if we recover the a' dependence), but the matrix model would be 
reliable for 1/M m > 1 (or l/M m > l s ) where l/M m = Nl 2 /R. 15 Moreover, N = RM D0 
(which is a dimensionless parameter) controls the similarity of two descriptions, i.e. in the 
N — > oo limit the two descriptions are same. We have seen that the parameter BR for the 
supertube plays a similar role as iV of the fuzzy S 2 case. Actually, BR is approximately 
the number of the DO-branes in a sphere of radius R centered at a point on Z axis. 

Here we note that N = 1 and N = are special. The matrix model is always reliable 
for these cases because [X 1 , X 7 ] = 0. This N = 1 case is like the supertube with BR = in 
which the effective radius is infinitely small. (This N = 1 case is also similar to the tachyon 
condensation of two non BPS DO-branes to a non BPS DO-brane in [5].) Furthermore, 
if we take R 3> 1 for these, both the matrix model and the DBI descriptions seem good 
although these two descriptions are apparently different. However, the boundary state 
with the path-integral over the curved world volume used in [5] might be inappropriate 
for these cases. Indeed, if we take very large, but finite u, the D2-brane is localized on S 2 
with the radius R. 16 

In order to see how the fuzzy S 2 in an on-shell configuration behaves, let us consider the 
N monopoles in the D3-branes [6]. Here N < case corresponds to \N\ anti-monopoles. 
The radius of the fuzzy sphere is R ~ |iV|/(£ ± a/2) where £ is the coordinate along the 
Dl-branes and D3-branes are at £±a/2. The Dl-brane picture is good for \N\/R 3> 1, on 

15 Here R is the radius of the S 2 and N is the number of the DO-branes. 

16 Here the localized brane means localized in the usual sense, for example, the supertube with R^> 1 
and \B\ <C 1. In [5] the noncommutativity means the noncommutativity in the DO-picture, i.e. [X 1 , X^} ^ 
0, and the localized branes means the branes which is commutative in the DO-picture. However, the 
localized brane in the usual sense can be "non-localized" in the DO-picture. Thus the term "localized" 
in [5] is not appropriate in the usual sense. 
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the other hand, the D3-brane picture is good for R 3> 1 [37]. 17 For \N\ = 1, the Dl-brane 
can not form the fuzzy sphere. Nevertheless the Dl-brane picture will be valid for a ^> 1 
and |£ ± a/2 1 3> 1 which means fl< 1. Near the boundary £ ~ ±a/2, the Dl-brane 
picture for \N\ = 1 is singular, but the D3-brane picture is valid. (More precisely, for 
\N\ — 1 the singularities at the boundaries are worse than \N\ > 1 case. ) Two pictures 
should be smoothly connected. In this case we took u — > oo limit, but the D3-brane 
picture is valid near |£ ± a/2\ ~ because the Dl-brane picture should be corrected near 
the singularity |£ ± a/2 1 ~ 0. Thus it is interesting to see if the difference of the radii of 
the supertubes with the compact cross section in the two pictures is an artifact or not. 
We note that in the monopole case, although the embedding into the flat spacetime is 
nontrivial, we have not used the path-integral over the curved world volume. 

Acknowledgements 

The author would like to thank K. Hashimoto, I. Kishimoto, K. Murakami and 
T. Takayanagi for useful discussions. 



A The inverse transformation 

In [6, 7], both of the ADHM(N) construction of instanton (monopole) and the inverse 
ADHM(N) construction were obtained using the tachyon condensation. In this appendix 
we will find the inverse transformation for the supertube with the non-compact cross 
section. Here the inverse transformation for the supertube means that the construction 
of the supertube from the infinitely many D2-brane and anti-D2-brane pairs instead of 
the DO-DO-branes. 

First, let us remember that using the decent relations [20] a DO-brane at x 1 = a 1 , x 2 = 
a 2 can be constructed from a pair of the D2-brane and the anti-D2-brane by giving 
T = ua^x 1 - a 1 ) + a 2 [x 2 - a 2 )) and A l = A 2 = [23, 24]. Thus, we can obtain the 
infinitely many DO-branes with X 1 = x l where [x 1 ,^ 2 ] = i/B from infinitely many pairs 
of the D2-brane and the anti-D2-brane with 

T(x\ x 2 ) = u^x 1 - x l ) + a 2 (x 2 - X 2 )) (A.l) 

and Ai = A 2 = 0. Furthermore, A t = Ex 2 is induced in the DO-brane picture by setting 
A t = Ex 2 for the pairs of the D2-brane and the anti-D2-brane. 

17 For the k instantons, the D4-brane picture is valid if a scale of the instantons p is very large. On the 
other hand, DO-brane picture is valid if the mass scale of the DO-branes M is large and there is a relation 
pM~ \k\. 
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Then, to obtain the D2-brane picture, we should solve 

ww-(,V-/)(g3H (A - 2) 

where z = x 1 + ix 2 and z = x 1 + ix 2 . There is only one normalizable zero-mode of the 
tachyon which corresponds to the surviving D2-brane after the tachyon condensation: 

i/; 1 (z) = \z), ^ 2 = 0, (A.3) 

where | z ) is the normalized coherent state z\z) — z\z). This zero-mode depends on z, 
thus we have [6] 

A z = 2i^D- z i> = -i^z, (A.4) 

where A z = A\ + iA 2 and D z = §(gfr + gf?)- Note that it can be considered as the Berry 
phase although it is not an approximation, but an exact result in our u — > 00 limit. Thus 
we have the D2-brane with F 12 = —B. For the time component of the gauge field we have 

A t = ^Ex 2 iP = Ex 2 . (A.5) 

Thus we have shown the equivalence by giving the map from the DO-brane picture to the 
D2-brane picture. 

We can also consider the non-compact supertube in the DO-brane picture with the 
nontrivial transverse coordinate 

X 1 = J da 1 J dp 1 C{a\(3 l ) e ^V^, (A.6) 

where = ^f^(® 1 — ifi 1 ) and 17 = \f§(x 1 + ix 2 ) . Then in the D2-brane picture it 
becomes 

X\x\ x 2 ) = J dd J djf C{a\ /?) e iaixl+il3ix2 . (A.7) 

Here we note that (A.6) is normal ordered instead of anti-normal ordered used in (5.57). 
This difference could be originated from the possible field redefinition. 
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